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EXAMPLE

Number of patients — 236

Diagnosis — breast carcinoma of the | and Il clinical stage
Treatment — surgical treatment and radiotherapy

The beginning of the study — 1983

The end of the study — 2000, the last patients entered in 1995
Number of death of cancer — 47
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SURVIVAL FUNCTION AND INTENSITY

® T —the survival time or lifetime
® [ —the cumulative distribution function of T:
F(z)=P(T < z)
® f—thedensityof F: F(x)= [ f(t)
0

® [ —the survival function: F(z)=1— F(x),i.e. F(z) is the
probability that an individual survives for a time greater or
equalto x

® )\ —the intensity (or the hazard function)

x

d f(x) _ — [A@®)dt  _

= —— log F — F(z) = F
Aw) = — g log Fl@) = 505 Flay=e 070, Fx) >0
l.e. \ Is the probability that an individual dies at time x

conditional on he or she having survived to the time x.
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DIFFERENT POINT OF VIEW

N (x) — the size of the cohort at time  x
Ny = N(0) — the initial size of the cohort
u(x) — the time dependent death rate or rate of change

N'(z) = —p(x) N(x), N(0) = No,

N(x) = Ny exp ( jﬂ(t)dt)
0
.

the relation between the death rate and intensity:
N'(x)
N(z)

N(x

F —the survival function:  F(z) =
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RANDOM CENSORSHIP MODEL

Ty, ..., T, —1.d. lifetimes
F — the distribution function

Cq,...,C, —11.d. censoring times
G — the distribution function

X1,...,X, —lii.d. observation times: X; = min (C;,T;)

1=1,....,n

L —the distribution function:  L(z) = F(z) G(x)

Random censorship model
(Xi,0i),i=1,...,n, 6; = I x,—1,y — the indicator of
censoring status
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ESTIMATE OF SURVIVAL FUNCTION

A RIS
® F(x)= ]] (nﬁ;il) (‘7), (Kaplan-Meier 1958)
X(j)<x

® X —the jthorder statistics of Xj,..., X,
® 0(; — the corresponding indicator of the censoring status.

MODIFIED EMPIRICAL SURVIVAL FUNCTION OF OBSERVA-
TION TIMES:

1 n
Ln(z) = n -+ 1 ZI{XiSfB}'
1=1
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KERNEL ESTIMATESOF THE INTENSITY

Assumptions and notation

® \cCh0,7], kg >2, L(1) < 1

® v, k nonnegative integers,

® K c S,/’k

() K —real valued function on

(i) support (K)=[—1,1]

(i) K € Lip[—1, 1]

(iv) f_ll v/ K (z)dz =

\

2

0,

\ ﬁk#oa

0<v<k<k

R

0<j<k j#v

(=¥, j=v

j=k.
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® h = h(n)—a bandwidth or a smoothing parameter
{h(n)} — a sequence of non-random positive numbers:

lim A(n) =0, lim nh**'(n) = o

n—aoeo n—oo

® The kernel estimate of the v-th derivative of the intensity
at the point z € [0 7']

J0
h+1 n—1+1

® The quality of the estimate
The mean integrated square error

)\(V)

-
2

MISE (Ag }{) - / E (xgj;(@ _ )\(”)(az)) dz,
0
E denotes the expectation of the random variable
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Construction of kernel estimate of intensity

0.03 T T T T T T T

0.025
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0.015

0.01

0.005

35 40
particular parts of estimate of the hazard function, kernel estimate of the hazard

fucntion, * — nNon-censored observations
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Notation

1 1
V(K) = [ K*z)dz, B = [ 2"K(z)dx,
-1 ~1
T T ) () 2
A= [ D o= J(25E) s
0 0

MISE ()‘S/K) /Bk‘D hQ(k V) + }521/2'_1 10 (hQ(k—I/) + ﬁ)

The leading term
1 (V) Y 2(k—v V(K)A
MISE (AM) —g,{Dkg( )+
leading\;ariance

leading bias?

The asymptotically optimal bandwidth
p2k+1 V(K)A(2v + 1)
opt 271(/{ — I/)Dkﬂi
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#» Relation between hgp 2 and hgpe 0.1, k£ an even integer:

2k+1
h2k+1 L 5k fy27k h2k—|—1
opt,2,k kL —9 Y0 k opt,0,k

V(K V(K
/yg,l?:_l — (]% )7 K € SO,ka ’Y;ﬁ:l — (]% )7 K € SQ,k

® The asymptotic (1 — «) confidence intervals

. 1/2
A i (z) £ {()ihKl(i)(‘a/f)()anl} d1(1— a/2)

d — standard normal cumulative distribution function
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CHOICE OF PARAMETERS

Choice of the kernel

(v, k) | kernel Yok

0,2) | K(z) = 2(1 — 2?) 1.7188
(0,4) | K(z) = 2(1 —2?)(3—72%) | 2.0165
(2,4) | K(z) = 12(1 — 2*)(52* — 1) | 1.3925

Choice of the bandwidth

Available methods: cross-validation, plug-in, maximal
likelihood, iterative

| e

A

hopt v 1 @N estimate of hgpe ok
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POINTSOF THE MOST RAPID CHANGE

® ( — the point of the most rapid change, i.e.

N(O)] >[N (2)], z#0, 0<z<r7

A

® () —the estimate of 0
— the root of the second derivative

A2 @)=0, 6L 9

® The asymptotic (1 — a) confidence intervals for 4
- 11/2

(1 —a/2), K € Sy
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DETERMINISTIC MODEL

® y = y(x)—time dependent size of the cancer cells
population

® )\ = )\(x)— proportional to the rate of proliferation for
cancer cells

® )\(x) = py'(z), p—the positive rate of proportionality

\

Yy = —aylogg >the Gompertzian model of cancer
y(0) = o cells growth

/

yo the initial size of cancer cells population
b the maximal possible size of cancer cells population, b > vyg

a the maximal possible rate of increase of the tumor
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M) = Mz a, t*,A%) = M exp (1 — a(z — t*) — e~ "="))

A\* = p% = max \(x) — the maximal hazard or maximal
Intensity

t* = %log (1og y%) = arg max \(x) — the time of achieving of
the maximal hazard
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COMPOSED INTENSITY FUNCTION

z
N(x) = > a;Ni(x), N;(0) = a; Ny, N; — the subcohort, «; > 0,
1=1

Cki:1

[
=1

1

=

(:1:) E— CkiN() exXp (— f)\z(t)dt>, )\Z(t) - )\(t; ai,tf, )\:),
0
i=1,...,1

Ae — the composed intensity for the complete cohort

z — ()t
, > ajhi(x)e ©
A\ ($> _ _N (aj) _ 1=1
N(z) l —fAz-(t)dt
> aze O
i=1

)\C(x) — )\C(ZC, i, a'17t>{7 )‘Ta a27a27t§7 )‘57 “ e ,Oél,al,tzk, )‘7)
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ESTIMATE OF PARAMETERS

® )\, =\ux(zj),j=1,...,s—the kernel estimate of the
intensity at the given points  z;, j=1,...,s.

l
® The least square method: «; >0, > «a; =1

i=1
A AT ANk Lk ok Mk
(A1, ooy Q1o QA AT, ) =
( N
5 2
. * * * *
= arg min < E [)\j — (@, a1, 67, 0], a1, A )] >
\jzl J

Ae() = Nel@; Gr, an, €5, N5, dy, ag, 5, \F)

® ). —the estimate of .
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APPLICATION

® Breast carcinoma data — BRB (number of patients 236)
® Cervical carcinoma data — CCB (number of patients 51)

® Acute lymfoblastic leukemia data  — ALL (number of
patients 38)
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number of deaths
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BREAST CARCINOMA

Number of deaths in particular years

years
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n
BRB

T

nd

Pd

236

220 | 47

19,9

n number of patients

ng humber of deaths

7 max. observation time

pq percentage of death

The points of the most rapid

change
9, = 51.39
9y = 128.87

0.95 -

0.85-

Kaplan-Meier estimate of the survival
function

ho.opt = 45.205

kernel estimate,

points of the most rapid change
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Influence of the bandwidth to the shape of intensity
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n

CCB

T

nd

Pd

o1

36

8

15,7

n number of patients

ng humber of deaths

7 max. observation time

pq percentage of death

The points of the most rapid

change
9, = 11.76
0y = 27.21

0.95

0.9

0.85

0.8

Kaplan-Meier estimate of the survival
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kernel estimate,
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ho.opt = 9.4341

points of the most rapid change
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ACUTE LEUKEMIA

Number of deaths in particular quarters
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n T n
ALL d | Pd

38 | 2081 | 24 | 60.5

n number of patients 7 max. observation time

ng humber of deaths  p, percentage of death

Kaplan-Meier estimate of the survival
function

x10°°

The points of the most rapid

change 1

A REEEE AR o

01 = 599.52

o) L L & . L -
(o] 200 400 600 800 1000 1200

ho.opt = 735.855

kernel estimate,

points of the most rapid change
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CONCLUSION

Cancer patients survival can be characterized by parameters:

a the maximal possible rate of increase of the tumor —
characterizes the disease

A* the maximal risk, \* = A(a, b, p)
— aggressiveness of the disease

t* time of the maximal risk, t* = t(a, b, yo) — effectiveness of
the treatment
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EQUATABILITY INDEX

Equatability index provides an information about rarity or com-
monness of particular subcohorts total set of objects.

Simpson’s equatability index

E —

——, 0<E<I
Iy aF
1=1
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Breast carcinoma, FE = 0.656 Cervical carcinoma, F = 0.733

i 1 2 i 1 2
a; | 0.138| 0.862 a; | 0.198 | 0.802
a; | 0.0181 | 0.0579 a; | 0.198 | 0.326
\* | 0.0865 | 0.00302 A* | 0.0503 | 0.0389
tr | 943 103 t | 11.0| 221

Acute leukemia

a 0.126
A* 1 0.0478
t* 8.28
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