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EXAMPLE

Number of patients – 236
Diagnosis – breast carcinoma of the I and II clinical stage
Treatment – surgical treatment and radiotherapy
The beginning of the study – 1983
The end of the study – 2000, the last patients entered in 1995
Number of death of cancer – 47

1983

1995

End of study

patient’s
tim

e

patients
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SURVIVAL FUNCTION AND INTENSITY

T – the survival time or lifetime

F – the cumulative distribution function of T :
F (x) = P (T < x)

f – the density of F : F (x) =
x∫

0

f(t)dt

F̄ – the survival function: F̄ (x) = 1 − F (x), i.e. F̄ (x) is the
probability that an individual survives for a time greater or
equal to x

λ – the intensity (or the hazard function)

λ(x) = −
d

dx
log F̄ (x) =

f(x)

F̄ (x)
, F̄ (x) = e

−
x
R

0

λ(t)dt
, F̄ (x) > 0

i.e. λ is the probability that an individual dies at time x

conditional on he or she having survived to the time x.
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DIFFERENT POINT OF VIEW

N(x) – the size of the cohort at time x

N0 = N(0) – the initial size of the cohort

µ(x) – the time dependent death rate or rate of change

N ′(x) = −µ(x) N(x), N(0) = N0,

N(x) = N0 exp



−

x∫

0

µ(t)dt





F̄ – the survival function: F̄ (x) = N(x)
N0

= exp

(

−
x∫

0

µ(t)dt

)

the relation between the death rate and intensity:

λ(x) = µ(x) = −
N ′(x)

N(x)
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RANDOM CENSORSHIP MODEL

T1, . . . , Tn – i.i.d. lifetimes
F – the distribution function

C1, . . . , Cn – i.i.d. censoring times
G – the distribution function

X1, . . . , Xn – i.i.d. observation times: Xi = min
i=1,...,n

(Ci, Ti)

L – the distribution function: L̄(x) = F̄ (x) Ḡ(x)

Random censorship model
(Xi, δi), i = 1, . . . , n, δi = I{Xi=Ti} – the indicator of
censoring status
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ESTIMATE OF SURVIVAL FUNCTION

ˆ̄F (x) =
∏

X(j)<x

(
n−j

n−j+1

)δ(j)
, (Kaplan-Meier 1958)

X(j) – the jth order statistics of X1, . . . , Xn

δ(j) – the corresponding indicator of the censoring status.

MODIFIED EMPIRICAL SURVIVAL FUNCTION OF OBSERVA-
TION TIMES:

L̄n = 1 − Ln

Ln(x) =
1

n + 1

n∑

i=1

I{Xi≤x}.
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KERNEL ESTIMATES OF THE INTENSITY

Assumptions and notation

λ ∈ Ck0 [0, τ ], k0 ≥ 2, L(τ) < 1

ν, k nonnegative integers, 0 ≤ ν < k ≤ k0

K ∈ Sν,k

(i) K – real valued function on R

(ii) support (K) = [−1, 1]

(iii) K ∈ Lip[−1, 1]

(iv)
∫ 1
−1 xjK(x)dx =







0, 0 ≤ j < k, j 6= ν

(−1)νν!, j = ν

βk 6= 0, j = k.
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h = h(n) – a bandwidth or a smoothing parameter
{h(n)} – a sequence of non-random positive numbers:

lim
n→∞

h(n) = 0, lim
n→∞

nh2ν+1(n) = ∞

The kernel estimate of the ν-th derivative of the intensity λ

at the point x ∈ [0, τ ]

λ̂
(ν)
h,K(x) =

1

hν+1

n∑

i=1

K

(
x − X(i)

h

)
δ(i)

n − i + 1

The quality of the estimate
The mean integrated square error

MISE
(

λ̂
(ν)
h,K

)

=

τ∫

0

E
(

λ̂
(ν)
h,K(x) − λ(ν)(x)

)2
dx,

E denotes the expectation of the random variable
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Construction of kernel estimate of intensity
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Notation

V (K) =
1∫

−1

K2(x)dx, βk =
1∫

−1

xkK(x)dx,

Λ =
τ∫

0

λ(x)
L̄(x)

dx, Dk =
τ∫

0

(
λ(k)(x)

k!

)2
dx.

MISE
(

λ̂
(ν)
h,K

)

= β2
kDk h2(k−ν) + V (K)Λ

nh2ν+1 + o
(
h2(k−ν) + 1

nh2ν+1

)

The leading term

MISE
(

λ̂
(ν)
h,K

)

= β2
kDk h2(k−ν)

︸ ︷︷ ︸

leading bias2

+
V (K)Λ

nh2ν+1
︸ ︷︷ ︸

leading variance

The asymptotically optimal bandwidth

h2k+1
opt =

V (K)Λ(2ν + 1)

2n(k − ν)Dkβ
2
k
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Relation between hopt,2,k and hopt,0,k, k an even integer:

h2k+1
opt,2,k =

(
5k

k − 2

)(
γ2,k

γ0,k

)2k+1

h2k+1
opt,0,k

γ2k+1
0,k =

V (K)

β2
k

, K ∈ S0,k, γ2k+1
2,k =

V (K)

β2
k

, K ∈ S2,k

The asymptotic (1 − α) confidence intervals

λ̂h,K(x) ±

{

λ̂h,K(x)V (K)

(1 − Ln(x))nh

}1/2

Φ−1(1 − α/2)

Φ – standard normal cumulative distribution function
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CHOICE OF PARAMETERS

Choice of the kernel

(ν, k) kernel γν,k

(0,2) K(x) = 3
4(1 − x2) 1.7188

(0,4) K(x) = 15
32(1 − x2)(3 − 7x2) 2.0165

(2,4) K(x) = 105
16 (1 − x2)(5x2 − 1) 1.3925

Choice of the bandwidth
Available methods: cross-validation, plug-in, maximal
likelihood, iterative

ĥopt,ν,k an estimate of hopt,ν,k
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POINTS OF THE MOST RAPID CHANGE

θ – the point of the most rapid change, i.e.

|λ′(θ)| > |λ′(x)|, x 6= θ, 0 ≤ x ≤ τ

θ̂ – the estimate of θ

– the root of the second derivative

λ̂
(2)
h,K(θ̂) = 0, θ̂

p
−→ θ

The asymptotic (1 − α) confidence intervals for θ̂

θ̂ ±




λ̂h,K(θ̂)V (K)

(1 − Ln(θ̂))λ̂
(3)
h,K(θ̂)nĥ5





1/2

Φ−1(1 − α/2), K ∈ S2,k
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DETERMINISTIC MODEL

y = y(x) – time dependent size of the cancer cells
population

λ = λ(x) – proportional to the rate of proliferation for
cancer cells

λ(x) = ρy′(x), ρ – the positive rate of proportionality

y′ = − a y log b
y

y(0) = y0







the Gompertzian model of cancer
cells growth

y0 the initial size of cancer cells population

b the maximal possible size of cancer cells population, b ≫ y0

a the maximal possible rate of increase of the tumor
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λ(x) = λ(x; a, t∗, λ∗) = λ∗ exp
(
1 − a(x − t∗) − e−a(x−t∗)

)

λ∗ = ρab
2 = max λ(x) – the maximal hazard or maximal

intensity

t∗ = 1
a log

(

log b
y0

)

= arg maxλ(x) – the time of achieving of

the maximal hazard
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COMPOSED INTENSITY FUNCTION

N(x) =
l∑

i=1
αiNi(x), Ni(0) = αiN0, Ni – the subcohort, αi > 0,

l∑

i=1
αi = 1

Ni(x) = αiN0 exp

(

−
x∫

0

λi(t)dt

)

, λi(t) = λ(t; ai, t
∗
i , λ

∗
i ),

i = 1, . . . , l

λc – the composed intensity for the complete cohort

λc(x) = −
N ′(x)

N(x)
=

l∑

i=1
αiλi(x)e

−
x
R

0

λi(t)dt

l∑

i=1
αie

−
x
R

0

λi(t)dt

λc(x) = λc(x;α1, a1, t
∗
1, λ

∗
1, α2, a2, t

∗
2, λ

∗
2, . . . , αl, al, t

∗
l , λ

∗
l )
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ESTIMATE OF PARAMETERS

λ̂j = λ̂h,K(xj), j = 1, . . . , s – the kernel estimate of the
intensity at the given points xj , j = 1, . . . , s.

The least square method: αi > 0,
l∑

i=1
αi = 1

(α̂1, . . . , α̂l, â1, . . . , âl, λ̂
∗
1, . . . , λ̂

∗
l , t̂

∗
1, . . . , t̂

∗
l ) =

= arg min







s∑

j=1

[

λ̂j − λc(xj ;α1, a1, t
∗
1, λ

∗
1, . . . , αl, al, t

∗
l , λ

∗
l )

]2







λ̂c(x) = λc(x; α̂1, â1, t̂
∗
1, λ̂

∗
1, . . . , α̂l, âl, t̂

∗
l , λ̂

∗
l )

λ̂c – the estimate of λc
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APPLICATION

Breast carcinoma data – BRB (number of patients 236)

Cervical carcinoma data – CCB (number of patients 51)

Acute lymfoblastic leukemia data – ALL (number of
patients 38)
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BREAST CARCINOMA

Number of deaths in particular years
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BRB
n τ nd pd

236 220 47 19,9

n number of patients τ max. observation time

nd number of deaths pd percentage of death
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Kaplan-Meier estimate of the survival
function

The points of the most rapid
change

θ̂1 = 51.39

θ̂2 = 128.87
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Influence of the bandwidth to the shape of intensity
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CERVICAL CARCINOMA

Number of deaths in particular quarters
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CCB
n τ nd pd

51 36 8 15,7

n number of patients τ max. observation time

nd number of deaths pd percentage of death
0 5 10 15 20 25 30 35 40
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Kaplan-Meier estimate of the survival
function

The points of the most rapid
change

θ̂1 = 11.76

θ̂2 = 27.21
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ACUTE LEUKEMIA

Number of deaths in particular quarters
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ALL
n τ nd pd

38 2081 24 60.5

n number of patients τ max. observation time

nd number of deaths pd percentage of death
0 200 400 600 800 1000 1200
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function

The points of the most rapid
change

θ̂1 = 599.52
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CONCLUSION

Cancer patients survival can be characterized by parameters:

a the maximal possible rate of increase of the tumor –
characterizes the disease

λ∗ the maximal risk, λ∗ = λ(a, b, ρ)

– aggressiveness of the disease

t∗ time of the maximal risk, t∗ = t(a, b, y0) – effectiveness of
the treatment
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EQUATABILITY INDEX

Equatability index provides an information about rarity or com-
monness of particular subcohorts total set of objects.

Simpson’s equatability index

E =
1

l
l∑

i=1
α2

i

, 0 < E ≤ 1
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Breast carcinoma, E = 0.656 Cervical carcinoma, E = 0.733

i 1 2
αi 0.138 0.862
ai 0.0181 0.0579
λ∗

i 0.0865 0.00302
t∗i 94.3 103

i 1 2
αi 0.198 0.802
ai 0.198 0.326
λ∗

i 0.0503 0.0389
t∗i 11.0 22.1

Acute leukemia

a 0.126
λ∗ 0.0478
t∗ 8.28
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