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Abstract
Local factor analysis (LFA) is regarded as an efficient approach that implements
local feature extraction and dimensionality reduction. A further investigation is
made on an automatic BYY harmony data smoothing LFA (LFA-HDS) from the
Bayesian Ying-Yang (BYY) harmony learning point of view. On the level of regularization, an data smoothing based regularization technique is adapted into this
automatic LFA-HDS learning for problems with small sample sizes, while on the
level of model selection, the proposed automatic LFA-HDS algorithm makes parameter learning with automatic determination of both the component number and
the factor number in each component. A comparative study has been conducted
on simulated data sets and several real problem data sets. The algorithm has been
compared with not only a recent approach called Incremental Mixture of Factor
Analysers (IMoFA) but also the conventional two-stage implementation of maximum likelihood (ML) plus model selection, namely, using the EM algorithm for
parameter learning on a series candidate models, and selecting one best candidate
by AIC, CAIC, BIC, and cross-validation (CV). Experiments have shown that
IMoFA and ML-BIC, ML-CV outperform ML-AIC or ML-CAIC. Interestingly,
the data smoothing BYY harmony learning obtains comparably desired results
compared to IMoFA and ML-BIC but with much less computational cost.

1 Introduction
Clustering and feature extraction are two fundamental problems in the literature of unsupervised
learning. It is well known that Gaussian mixture model (GMM) with full covariance matrices requires sufficient training data to guarantee the reliability of the estimated model parameters, while
GMM with diagonal covariance matrices requires a relatively large number of Gaussians to provide
high recognition performance. Local factor analysis (LFA), also named mixture of factor analyzers
(MFA), combines the widely-used GMM model with one well known feature extraction and dimension reduction approach, namely factor analysis (FA). Via local structure analysis, LFA is able to
reduce the freedom degree of covariance matrices to achieve a good generalization. Several efforts
have been made on such a topic of local feature extraction and dimensionality reduction [2, 3, 12].
In the literature of LFA research, the conventional method performs the maximum likelihood (ML)
learning in help of one of typical statistical criteria to select both component number and local dimensions of local factor analysis via a two-phase procedure. However, it suffers a huge computing
cost. Bayesian Ying-Yang (BYY) learning was proposed as a unified statistical learning framework firstly in 1994 and systematically developed in the past decade. Providing a general learning
framework, BYY harmony learning consists of a general BYY system and a fundamental harmony
learning principle as a unified guide for developing new regularization techniques, a new class of
criteria for model selection, and a new family of algorithms that perform parameter learning with

automatic model selection. Readers are referred to [15, 17] for a recent systematical review. Applying the BYY harmony learning to local factor analysis, an adaptive learning algorithm has been
developed to perform local factor analysis with both the local dimensions of each component and
the number of components automatically determined during parameter learning [14, 16, 11].
However, when the number of observations is small, both ML learning and original BYY automatic
LFA learning may obtain a poor estimation. To cover this problem, data smoothing [13] provides a
useful regularization approach. The basic idea of data smoothing regularization is to learn a parametric model together with a Parzen window nonparametric model via a smoothing parameter h2
[13]. This work focuses on automatic BYY harmony data smoothing LFA learning (LFA-HDS),
which extends the previous effort in [11] by adapting the smoothing based regularization technique
into the original automatic BYY harmony learning on LFA.
This paper investigates the automatic BYY harmony data smoothing LFA learning, in comparison
with the ML learning via criteria of AIC, CAIC, BIC, as well as a recently proposed approach called
Incremental Mixture of Factor Analyzers (IMoFA)[10] that makes an increasing model selection
during learning. A comparative study is conducted via experiments on not only simulated data but
also several real problem data sets, as well as a popular digit recognition database, respectively.

2

FA and LFA

Factor analysis (FA) is a classical feature extraction and dimension reduction technique aiming to
find the hidden causes and sources [7]. Provided a d-dimensional vector of observable variables x,
the FA model is given by x = Ay + e, where A is a d × k loading matrix, y is an m-dimensional
unobservable latent vector assumed from Gaussian G(y|0, Ik ) with m < d, e is a d-dimensional
random noise vector assumed from Gaussian G(e|0, Ψ) with Ψ being a diagonal matrix. Moreover,
y and e are mutually independent. Therefore, x is distributed with zero mean and covariance AAT +
Ψ. The goal of FA is to find θ = {A, Ψ} that best models the structure of x. One widely used
method to estimate θ is the maximum likelihood (ML) learning that maximizes the log-likelihood
function, usually implemented by the expectation-maximization (EM) algorithm [1, 7].
Local factor analysis (LFA), also called mixture of factor analyzers (MFA), is a useful multivariate
analysis tool to explore not only clusters but also local subspaces with wide applications including pattern recognition, bioinformatics, and financial engineering [14, 9]. LFA performs clustering
analysis and feature extraction in each cluster simultaneously. Provided x as a d-dimensional random vector of observable variables, the mixture model assumes that x is distributed according to a
Pk
mixture of k underlying probability distributions p(x) = l=1 αl pl (x), where pl (x) is the density
of the lth component in the mixture, and αl is the probability that an observation belongs to the lth
Pk
component with αl ≥ 0, l = 1, . . . , k, and l=1 αl = 1. For LFA, it is further assumed that each
pl (x) is modelled by a single FA [14]. For a set of observations {xt }nt=1 , supposing that the number
of components k and the numbers of local factors {ml } are given, one widely used method to estimate the unknown parameters θ = {αl , Al , cl , Ψl }kl=1 is the maximum likelihood (ML) learning,
which can be effectively implemented by expectation-maximization (EM) algorithm [1, 3].
2.1

Conventional Statistical Criteria

Two important problems for LFA are how to select the number of Gaussian components k and how
to decide the numbers of sub-factors {ml }kl=1 . They can be addressed in a two-phase procedure in
help of typical statistical model selection criteria such as Akaike’s information criterion (AIC) [4],
Bozdogan’s consistent Akaike’s information criterion (CAIC) [6], Schwarz’s Bayesian inference
criterion (BIC) [8] which coincides with Rissanen’s minimum description length (MDL) criterion
[5], and the cross-validation (CV) technique. These criteria are based on the maximum likelihood
(ML) estimates of parameters which can be obtained by the EM algorithm [3, 7].
In the first phase, two ranges of k ∈ [kmin , kmax ] and ml ∈ [mmin , mmax ] are selected to form a
∗
domain M, assumed to contain the optimal k ∗ , {m∗l }kl=1 . At each specific choice of k, {ml } in M,
the parameters are estimated θ via the ML learning. In the second phase, selection is made among
all candidate models obtained in the first phase according to their criterion values, that is:
ˆ l } = arg
k̂, {m
min
J(θ̂, k, {ml }),
(1)
{k,{ml }}∈M

Pkmax
However, in this domain M, we have to implement EM algorithm at least k=k
(mmax −
min
mmin + 1)k times, which is usually too time-consuming if we have no knowledge or assumption
about the underlying model structure.
2.2 Incremental Mixture of Factor Analysers
Recently, an adaptive algorithm referred as incremental mixture of factor analysers (IMoFA) was
proposed in [10]. Starting with a 1-factor, 1-component mixture model, in process, IMoFA either
splits component or adding local factors according to the validation likelihood, which is terminated
when there is no improvement on the validation likelihood. There are two variants IMoFA-L and
IMoFA-A for unsupervised and supervised approaches, respectively. In this paper, we consider
the unsupervised learning with IMoFA-L, shortly denoted by IMoFA. The detailed procedure and
algorithm is referred to [10].

3

Automatic BYY Harmony Data Smoothing Learning for LFA

Bayesian Ying-Yang (BYY) harmony learning provides a promising tool for local factor analysis
with an ability of determining the number of components as well as the number of local factors
during parameters learning [14, 16, 17, 11]. Considering the idea of data smoothing regularization, a
parametric model together
Pn with a Parzen window nonparametric model with a smoothing parameter
h2 , i.e., ph (x) = n1 t=1 G(x|xt , h2 Id ).
Parameters θs = {h2 , αl , Ul , Λl , cl , Ψl }kl=1 can be estimated by BYY harmony learning, where the
optimization problem is given as follows:
θ̂s = arg max H(θs , k),
θs

where

H(θs , k) =

k X
n
X

P (l|xt )Ls (θs , l)

l=1 t=1

Ls (θs , l) = ln αl −

1
d
1
ln |Σl | − tr(Sl,h Σ−1
ln h2 − Zs (h2 ),
l )+
2
2
2

Σl = Al ATl + Ψl
n
n X
X
||xt − xτ ||2
exp(−
)]
Zs (h2 ) = ln[
2h2
t=1 τ =1
Sl,h = Sl + h2 Id , and

k
X

αl = 1, l = 1, ..., k.

(2)

l=1

In a B-architecture, P (l|xt ) is free and thus it follows from the above maximization that we have
½
1, l = lt ;
P (l|xt ) =
0, otherwise.
lt = arg max ln[αl pl (xt |yl,t )pl (yl,t )] = Ls (θs , l),
l

yl,t = arg max ln(pl (xt |y)pl (y)).
y

(3)

Performing (2) results in maximizing ln αl , ln pl (x|y) and ln pl (y), which will push αl or Ψl towards zero if component l is extra. Thus we can delete component l if its corresponding αl or Ψl
is approaching to zero. Also, if the latent dimension y(j) is extra, maximizing ln pl (y) will push
(j)
the variance Λl towards zero, thus factor j can be deleted. As long as k and {ml } are initialized
at values large enough, they will be determined appropriately and automatically during parameter
learning, with details referred to [14, 15]. To compare with the EM algorithm in a batch way, here
we also consider a batch algorithm to implement Eq.(2), which is not shown here due to the space
limitation.
After the training of LFA, for classification, we first obtain Mlj , l = 1, · · · , kj by BYY-LFA for
each class j = 1, · · · , C. As a test data yi comes, we compute the the likelihoods p(yi |Mlj ), l =
1, · · · , kj , j = 1, · · · , C and find the κ largest ones. Then, we classify yi to the class j ∗ =

arg maxj κj , where κj is the account that the κ largest ones share the class label j. This decision rule actually shares the idea of the well known k-NN approach, shortly denoted by a BYY-LFA
Rank-κ rule.

4

Summary

In order to make local feature extraction and dimension reduction, through the local factor analysis
(LFA) model, we investigate the automatic BYY harmony data smoothing LFA learning (LFAHDS), compared with typical model selection criteria via the conventional two-phase procedure and
the IMoFA approach.
Due to the space limitation of this extended abstract, several series of experimental results and
conclusion will be found in the final version.
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