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1. Introduction and Background
Discovering relationships of the form “A causally influences B” is valuable in different fields of study. These
relationships are also referred to as “cause and effect”
relationships where A represents the cause, and B denotes the effect. Generally, experimental studies are
performed to ascertain causality where the value of a
variable is set randomly and its effects measured under
controlled experimental settings. However, such experiments may not be feasible due to logistical, ethical
or cost considerations. We believe that discovery algorithms that can ascertain causality from observational
(passively collected) data are valuable. The framework we use for causal discovery is founded on causal
Bayesian networks. A causal Bayesian network (CBN)
is a Bayesian network (BN) in which each arc is interpreted as a direct causal influence between a parent
node (variable) and a child node, relative to the other
nodes in the network (Pearl, 1991). For example, if
there is a directed edge from A to B (A → B), node
A is said to exert a causal influence on node B.
We characterize the causal influence of a variable A on
variable B using the manipulation criterion (Spirtes
et al., 2000; Glymour & Cooper, 1999). The manipulation criterion states that if we had a way of setting
just the values of A and then measuring B, the causal
influence of A on B will be reflected as a change in
the conditional distribution of B. That is, there exist
values a1 and a2 of A such that P (B| set A = a1 ) 6=
P (B| set A = a2 ). In a CBN an arc between any pair
of nodes represents a causal influence.
The two basic assumptions that are necessary for our
causal discovery framework are the causal Markov
condition and the causal faithfulness condition. We
now introduce the concept of a Y structure. Let
W1 → X ← W2 be a V structure. If there is a node

Z such that there is an arc from X to Z, then the
nodes W1 , W2 , X and Z form a Y structure (see G1 in
Figure 1). If a Y structure is learned from data, the
arc from X to Z represents an unconfounded1 causal
relationship. See (Mani et al., 2006) for a formal proof.
The CBN learning methods can be classified as global
or local based on their search space and their output.
If the goal is to learn a unified CBN over all the model
variables, the search methodology is termed global. PC
(Spirtes et al., 2000, page 84–85) and OR (Moore &
Wong, 2003) are global BN search algorithms. If the
goal of the learning procedure is to discover causal
models on subsets of the model variables (for example,
pairwise causal relationships), a local search methodology is employed such as in BLCD.

2. Y structure algorithms
In this section we introduce three algorithms that
make use of Y structures to discover cause and effect
relationships from observational data. The PC algorithm takes as input a dataset D over a set of random
variables V, a conditional independence test, and an α
level of significance threshold for the test. It then outputs an essential graph that we define below. Markov
equivalence (also known as independence equivalence)
is a relationship based on independence that establishes an equivalence class of directed acyclic graphs
over an observed set of variables V. These DAGs are
statistically indistinguishable based on independence
relationships among V. Let U be one equivalence class
of DAGs over V. An essential graph E of U over V will
have directed and undirected edges such that each di1

A pair of nodes A and B are said to be unconfounded
iff there is no node C such that there is a directed path
from C to A and a directed path from C to B that does
not pass through A.

rected edge between a pair of nodes A and B will be
represented in all the DAGs in U and each undirected
edge between a pair A and B in E will be represented
as either A → B or A ← B in all the DAGs in U
(Chickering, 1995) with both arc types represented.
PC also makes an assumption of causal sufficiency.
This means that all the variables of the causal network are measured and there are no latent or hidden
variables. Hence PC is not designed to discover hidden variables that are common causes of any pair of
observed variables. See (Spirtes et al., 2000, page 84–
85) for more details on the PC algorithm. The PC algorithm outputs both directed and undirected edges.
A post-processing step that we add is performed on
the set of arcs to identify the Y structures. The PC
algorithm with this additional post-processing step is
referred to as the PC-Y algorithm.

and prior knowledge. For scoring the DAGs, we use the
Bayesian likelihood equivalent (BDeu) scoring measure
(Heckerman et al., 1995). Note that for a Y structure, the causal claim is valid for only the arc from
X to Z. We represent the Y structure using the notation X ⇒ Z. In the large sample limit under the
causal Markov and causal Faithfulness assumptions,
P(X ⇒ Z|D) (D denotes the dataset) can be estimated
using Equation 1:

The optimal reinsertion (OR) algorithm is an algorithm for learning Bayesian networks using a scorebased approach developed by Moore and Wong (Moore
& Wong, 2003). The algorithm introduces a new
search operator called optimal reinsertion. On each
step a node is labeled as the target node. All incoming and outgoing arcs of this target node are removed
and the node is reinserted with the “optimal” combination of incoming and outgoing arcs. The process is
repeated with all nodes taking turns as the target node
multiple times until no step changes the Bayesian network structure. Note that the OR algorithm outputs a
global Bayesian network consisting of all the variables
of the input dataset. We perform a post-processing
step on the output (Bayesian network) to identify the
Y structures. The OR algorithm with this additional
post-processing step is referred to as the OR-Y algorithm.

The following are the steps of the BLCD algorithm.
For each node X ∈ X (X denotes the set of all random observed variables in the dataset) perform the
following:

The Bayesian local causal discovery algorithm (BLCD)
conjectures unconfounded causal relationships between pairs of variables. Figure 1 shows models G1 ,
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where Gi represents one of the 543 CBNs over V =
{W1 , W2 , X, Z}. Interpreting the score as a probability is a heuristic approximation borne out by simulation studies (Mani, 2005).

1. Estimate the Markov Blanket. Estimate the
Markov Blanket of X using the Procedure MB
(Mani, 2005). Let B denote the estimated MB
of X.
2. Update B. Apply the MB update rule (Mani,
2005).
3. Pick W1 , W2 , and Z. Obtain all possible distinct triplets (sets of three nodes) from B. Add
X to each triplet to get sets of four variables. We
refer to each set of four variables as a tetraset T.
Since we are focusing on the MB of X, X is an essential element of T. Note that each tetraset can
give rise to 3 “Y” patterns where the X variable
is a cause and each of the other three variables
are potential effects.
4. Derive P(X → Z | D): For each tetraset T and
for each of the three “Y” structures defined by the
variables in T, derive the posterior probability of
X ⇒ Z using Equation 1.
5. Generate output: If P (X → Z | D) > t, where
t is a user-set threshold, then output X → Z as a
purported, unconfounded causal relationship.
The reader is referred to (Mani & Cooper, 2004; Mani,
2005) for additional details on BLCD.

G4

3. Experimental methods
Figure 1: Several CBN models that contain four nodes,
out of the possible 543 models. G1 is a Y structure.
G2 , G3 , and G4 from a four variable domain. The
Score function of BLCD assigns a score to a model
that represents the probability of the model given data

By using expert-defined CBNs we can (1) generate
data from those models, (2) apply CBN discovery algorithms to the data, and (3) evaluate the causal relationships output by the algorithms relative to the data
generating CBNs that serve as gold standards. The

output of the algorithms were compared with the data
generating structure and scored as explained below.

statistic (two sided) to test the difference between the
two proportions across all the algorithms pairwise for
both precision and recall (algorithm A precision versus
BLCD was implemented in the C programming
algorithm B precision, and algorithm A recall versus
language.
We obtained the Tetrad program
algorithm B recall). Standard errors were estimated
that implements the PC algorithm from Proand 95% confidence intervals (CI) were computed affessor Peter Spirtes.
The OR implementation
ter pooling the two proportions (Daniel, 1991, pages
was obtained from Professor Andrew Moore
152 and 225). The null hypothesis of no difference
(http://www.autonlab.org/autonweb/software/10530.html).
in the two proportions was rejected if the p value was
For PC-Y, OR-Y and BLCD the Y structures output
< 0.017 as we did multiple comparisons (3) of precision
by the algorithms were compared with the Y strucand recall proportions. Based on this analysis, there is
tures of the data generating networks. In short, we
a significant pairwise difference in the proportions of
examine the intersection set of Y structures output
all the three precision comparisons (p < 0.0001). Howby the algorithms and the Y structures present in
ever, there is no significant difference in the recall prothe data generating model. Precision and recall were
portions. Figure 2 presents the precision recall-curve
computed for the three algorithms.
Five Bayesian networks built by domain experts in
such varied fields as medicine, atmospheric sciences
and agriculture were identified. These networks are
Alarm (Beinlich et al., 1990), Hailfinder (Abramson
et al., 1996), Barley (Kristensen & Rasmussen, 2002),
Pathfinder (Heckerman et al., 1992), and Munin (Andreassen et al., 1987). For causal discovery, we generated simulated training instances by stochastic sampling (Henrion, 1986). Table 1 gives the distribution
of the nodes, arcs and Y structures for the various
networks used in our study.
Table 1: Nodes, arcs and Y structures in the Alarm,
Hailfinder, Barley, Pathfinder, and Munin networks
Category
Nodes
Arcs
Y structures

Alarm

HF

Barley

PF

Munin

37
46
13

56
66
20

48
84
44

131
195
5

189
282
147

HF: Hailfinder; PF: Pathfinder

Table 2: Precision and recall based on 229 Y arcs from
all datasets (20,000 samples).
Algorithm
OR-Y
BLCD
PC -Y

2
The arc from X to Z in a Y structure is referred to as
a Y arc (YA).

YA in both

YA P

YA R

283
75
93

72
62
51

0.254
0.827
0.548

0.314
0.271
0.223

Total: Total number of arcs output as causal by the algorithm; YA in both: Y arcs output by the algorithm and
present in the generating network; YA P: Y arc Precision;
YA R: Y arc Recall

obtained by varying the threshold for BLCD. PC went
out of memory with significance levels greater than
0.05 (default) and the OR algorithm does not have
a parameter that can be varied to generate precision
and recall curves. Hence for PC-Y and OR-Y, we provide the precision and recall values using the default
thresholds as a comparison. Based on the precision
recall-curve, the best precision and recall values for
BLCD are 0.9 and 0.389 respectively.

4. Results
The results presented below are based on a sample
size of 20,000 instances for each of the five domain
datasets that were generated. We present a summary
performance of the causal discovery algorithms based
on the aggregate number of Y arcs (YA)2 present in
all the data generating networks (see Table 2). For
all the three algorithms, default thresholds were used
to generate these results. Altogether there were 229
YA in the five domain CBNs. BLCD had the highest
precision (0.827) followed by PC-Y (0.548). The best
recall was achieved by OR-Y (0.314). We used a Z test
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Figure 2: Precision versus recall plot. (20,000 samples)

5. Discussion
In this section we discuss the results and present the
implications of our research for discovering causal relationships from observational data. This research has
highlighted the role of Y structures for causal discovery
from observational data using global and local causal
Bayesian network learning algorithms. BLCD had statistically significantly better precision than PC-Y and
OR-Y. This implies less number of false positives for
BLCD when compared to PC-Y and OR-Y. There
were no statistically significant differences in recall values among the three algorithms. The precision-recall
curve of BLCD shows that varying the threshold can
increase the precision to 0.9. Note that if the number
of variables are considerably more than that used in
this study (for example, gene expression datasets that
have tens of thousands of variables) only BLCD can
readily scale up among the three algorithms described
in this paper. By design BLCD has access to only a
small subset of variables at a time (4 variables) in the
model evaluation stage. Using these four variables,
BLCD ascertains the causal influence of a variable A
on variable B.
The causal discovery framework that we presented
for identifying direct causal relationships is dependent
on the presence of Y structures in the data generating process. The three medical (Alarm, Pathfinder,
Munin) and two non-medical (Hailfinder, Barley) networks that were used to generate data had varying
numbers of Y structures. Since these networks were
created by domain experts capturing the probabilistic
dependencies and independencies in the domain, it is
plausible to assume the occurrence of Y structures as
components of the data generating process in many
real-world domains.
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