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Abstract
To speed up the search for the best DAG structure given
data, we propose to use the regularization paths from L1penalized regression to rapidly find the best set of parents
given a node ordering. This reduces the complexity of
evaluating a node ordering from O(N d3 dK ) to O(N d5 )
time (O(N d4 ) in the linear-Gaussian case), where N is
the number of data cases, d is the number of nodes, and
K is the maximum number of parents (fan-in). Not only
is this approach much faster than previous approaches,
but our linear (instead of exponential) dependence on the
number of parents allows us to tractably fit much more
complex models. We provide experimental comparisons
with several other heuristic search techniques illustrating
the effectiveness of this approach.

1 Introduction
Directed graphical models are a useful tool for causal modeling
(24; 29). One of the key challenges is to learn the structure of these
models from data. In this paper, we view this as an optimization
problem. Specifically, we want to find the DAG (directed acyclic
graph) G that maximizes the BIC/MDL scoring function given some
data D: G∗ = arg maxG score(G, D). The data may be purely
observational, or a mix of observational and interventional (experimental); the latter is crucial for disambiguating between Markov
equivalent structures, and hence learning causal structure (7).
The general problem of finding the best DAG is NP-hard (4). The
most common approach is to use heuristic search (typically greedy
hill climbing) through the space of DAGs (see e.g., (14; 22; 32)).
However, the space of possible DAGs is enormous (there are
d
O(d!2(2) ) DAGs on d nodes (26)), with many local minima. Exact methods for finding the best DAG do exist (16; 28; 27), but take
O(d2d ) time.
If we know the order of the nodes, finding the optimal graph structure is equivalent to d independent variable selection problems
(3; 6). This is because, given an ordering, each node can choose
its parents from the previous nodes in the ordering independently,
without violating the global acyclicity constraint. Since the order is
typically not known,Teyssier and Koller (hereafter, TK) (30), proposed to use heuristic search in the space of node orderings. This
is much smaller than the space of all DAGs, and order-based search
avoids all local minima except those that are consistent with an ordering. Consequently, the TK algorithm is considered one the best
algorithms for learning DAG structure.
TK solved the variable selection problem, given an ordering, by exhaustive enumeration through all subsets of preceeding nodes, for
sets up to size K, where K ≤ d is a restriction on the number
`d´ of
P
parents (fan-in) allowed for each node. This takes O( K
i=0 i ) =
O(dK ) time per node. In this paper, we propose to use L1-penalized
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linear/ logistic regression to perform the variable selection task in
O(d4 ) time per node with no restriction on the fan-in. (In the linear
regression case, the time reduces to O(d3 ).) Specifically, we penalize the regression weights in order to learn a sparse sparse set of
parents. This is not only computationally much faster, but more statistically parsimonious, since regression at each node uses a number
of parameters that is polynomial in the number of parents, whereas
the tabular (multinomial) representation is exponential.

2 Related work
2.1 Generalized lasso as a fast variable selection method
For d regression coefficients
represented by a vector θ, L1-penalized
P
regression uses λ pi=1 |θi | as a regularizer of the log-likelihood
(where λ controls the strength of the regularization). It is widely
used for efficient feature selection in linear regression, under the
name of LASSO (31). Although non-differentiable if any θi is 0,
the L1-penalized log-likelihood is concave with a unique maximum,
and efficient methods have been developed for L1-penalized linear
regression, including the Least Angle Regression (LARS) strategy
of (10). The LARS strategy allows the computation of the optimal
penalized likelihood coefficients for all possible values of λ at a cost
of O(N d3 ) for N instances. The piecewise-linear trace of the coefficients as λ is varied is referred to as the ‘regularization path’.
For discrete valued data, log-likelihoods for generalized linear models (GLMs), such as (multinomial) logistic regression, can replace
linear regression. The optimization remains concave, but the regularization path is no longer linear. However, efficient predictorcorrector methods have recently been explored for following such
curved regularization paths, including for Logistic Regression (see
(23), for example).

2.2 L1 penalties for learning undirected graph structures
We are not aware of previous work using L1 penalties to learn DAG
structure. However, there has been recent work on using L1 penalties to learn undirected graphs. In the case of Gaussian graphical
models (GGMs), an arbitrary order (say 1 : d), is used to learn one
or more directed linear models, and the result is converted to an undirected GGM (15; 20; 21). The claim is that, since the final goal is to
learn an undirected model, the order used to learn the directed graph
does not matter. However, this is clearly not true in the finite sample
regime. (9) acknowledge this problem, and address it by sampling
orderings using a heuristic based on dependency networks; given
each ordering, they create a directed GGM using forward variable
selection, and then convert it to an undirected graph. Alternatively,
one can put an L1 penality directly on the inverse covariance (precision) matrix; this results in a convex “maxdet” optimization problem
(8; 34; 2).
Learning undirected graph structure on discrete nodes is harder,

since computing the partition function Z takes time exponential in
the treewidth. (19) use loopy belief propagation to approximate Z,
and use an L1 prior on the weights to learn a sparsely connected
Markov network on binary nodes. To avoid the need for computing Z, (33) uses L1 logistic regression of each node given all others
(learning a dependency network (13; 21)). Although this may learn
the correct undirected topology, it is not a true density model. Also,
these undirected models can not be used for causal learning.

from among a set of discrete values of λ. However, for GLMs we
can select the λ optimizing the BIC score from a finite sized set of
points along the regularization path. (In the linear regression case,
this set has size O(d). We conjecture this is also true in the GLM
case.) To see why we can restrict attention to this finite set of λ
values, first note that the negative log likelihood is monotonically
decreasing with the L1 bound on the parameters ||θ||1 < t (where
t ∝ 1/λ). Second, note that the number of free parameters f pi (t) is
piecewise constant, and increases only occur at locations Λi where
new parameters are introduced. Hence the negative BIC score for N
instances, J(θ) = −2LL(θ) + f pi (θ) log(N ), only has discontinuities at Λi , so it suffices to search these points. See Figure 1 for an
illustration.1 Note that using the same λ value for all nodes results in
much worse performance than letting each node choose its own optimal value. Intuitively this is because nodes later in the order need
a higher λ penalty to avoid an overly large fan-in. See Figure 4 for
a graph of the chosen optimal λ values for one experiment.

2.3 Searching in order space
The idea of searching through orders instead of DAG-space has been
exploited in several papers (18; 11; 30). TK use hill climbing to find
the best ordering, where the moves considered are adjacent swaps in
the ordering (‘twiddles’):
(Xi1 , . . . , Xij , Xij+1 , . . .) → (Xi1 , . . . , Xij+1 , Xij , . . .)

Formalizing the ‘Lasso Order Search’, we are proposing to simply
replace the search through the set Ui,≺ , which has size O(dK ), with
L1
Ui,≺
, the subsets encountered along the L1-regularization path for
node i given the ordering ≺. This set has size O(d) in the linear
regression case, and we conjecture also in the GLM case. More
precisely, our new scoring function is

At each step, TK consider all d−1 successors of the current ordering
and greedily pick the best. This can be implemented such that after
each twiddle only 4 new family evaluations are needed to consider
the next set of successors (30).
(18) used genetic algorithms instead of hill climbing, and (11) used
MCMC. All of these works have considered discrete graphical models with tabular CPDs, making the variable selection problem exponentially expensive. By moving to GLMs with L1-regularization,
we can use polynomial time algorithms, and work with polynomial
sized representations.

score-L1(≺)

=

d
X

L1
score-BIC(i, πi,≺
)

(6)

i=1
L1
πi,≺

=

arg max score-BIC(i, U )
L1
U ∈Ui,≺

(7)

3 Lasso Order Search
To justify the restriction to the subsets on the regularization path,
we note that recently it has been shown that under reasonable assumptions L1 regularization is a consistent estimator of undirected
graph structure (21; 33), and hence of parent sets, given the right
value of λ. Furthermore, the BIC method for choosing regularization constants such as λ is known to be a consistent estimator. We
conjecture that our combination of L1 regularization and BIC selection is a consistent estimator of DAG structure given an ordering
≺.

Our method builds on TK, who search over orderings ≺ and use
exhaustive enumeration to find the best set of parents for each node
consistent with that order. Using Ui,≺ = {U : U ≺ i, |U | ≤ K} as
the set of all parent sets preceeding i in the ordering that have size at
most K, TK defines the score of an ordering ≺ in terms of the best
possible score for each node:
=

score(≺)

d
X

score(i, πi,≺ )

(1)

arg max score(i, U )

(2)

By restricting ourselves to parent sets on the regularization path, we
can save significant time. Specifically, in the linear regression setting, we can evaluate the score of a node in O(N d3 ) time, and the
score of an ordering in O(N d4 ). In the GLM setting, we conjecture
it takes at most O(N d4 ) per node and O(N d5 ) overall. (It is certainly polynomial in d, and independent of the number of parents.)
By contrast, the TK algorithm takes O(N d3 dK ) time even in the
linear case. This restricts the TK algorithm to small K, but models
with overly resticted fan-in often fit the data rather poorly.

i=1

πi,≺

=

U ∈Ui,≺

Common node scores include the BIC/MDL criteria and the
Bayesian Score (14). We used the BIC score:
score-BIC(i, U )

=

M LE
θi,U

=

M LE
|θi,U
|
log N (3)
2
arg max LL(i, U, θ)
(4)

LL(i, U, θ)

=

N
X

M LE
LL(i, U, θi,U
)−

Note that we only have to evaluate the score of an order from scratch
when we do a restart of the algorithm. If we restrict the order search
to twiddle operations, then we only have to update the score of four
nodes, rather than all d, whenever we take a local move.

θ

log p(Xni |Un , θ)

(5)

n=1

For linear and binary logistic regression, there is a 1:1 correspondence between weights and edges in the graph. For multinomial
logistic regression, each edge has a vector of weights associated
with it, so it is desirable to penalize groups of variables (as in the
‘Group Lasso’ (23)). This technique can also be used to handle nonlinear relationships between nodes, by performing basis function expansions, and assigning basis functions to appropriate groups. This

ML
|θ̂i,U
|

In Equation 3, f pi =
is the number of free parameters in the CPD for node i. For linear or logistic regression,
f pi = O(|U |), the number of parents. For linear regression,
p(Xi |U, θi ) = N (Xi |θiT U, σ 2 ) (each node is standardized so σ 2 =
1), and for logistic regression, p(Xi |U, θi ) = σ(Xi θiT U ), where
Xi ∈ {−1, +1} and σ(z) = 1/(1 + e−z ) is the sigmoid function.
We refer to a ‘family evaluation’ as the the task of evaluating
score(i, U ), the score for node i based on using a subset of the potential parents U (where U is restricted by the ordering). The limitation with the TK approach is that it takes O(dK ) family evaluations
to compute Equation 2 for each node. Our proposal is to approximate the exhaustive search for the best U with sets generated from
L1-penalized optimization.
The L1 regularization path provides a continuous range of parameter
values. Typically, one would use an expensive cross-validation step

2

1
The above argument assumes that we are evaluating BIC using
the penalized maximum likelihood parameter estimates. It is more
common to use the unpenalized MLE. To this end, we modified the
LARS algorithm such that its updated/downdated (Cholesky) matrix
factorization is used to serve the dual purpose of computing the regularization path, and computing the MLE parameters for all subsets
encountered along the regularization path. The total cost of LARS
with this modfication remains O(N d3 ), rather than O(N d4 ) if the
MLEs were computed independently. (In the GLM case, it seems
we cannot use this trick, so we conjecture the cost is O(N d4 ).)
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Figure 1: Regularization path for a linear regression problem. The horiztonal axis is the
bound on the L1 norm of the coefficient vector, i.e., at location t we have ||θ||1 ≤ t.
The complexity factor for the number of parameters, which is usually log2 N , has been
artifically scaled up to make the steps easier to see.

Figure 2: Cost (-BIC) versus number of family evaluations on the alarm network with
10,000 Gaussian samples, showing the effect of restarts. This figure is best viewed in
colour.
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strategy allows a higher expressive power, without the exponential
cost associated with a tabular CPD representation.
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4 Experimental results

2.2

2

We compared three different methods for finding a high scoring
DAG: (i) DAGSearch: searching in DAG space by picking the best
edge deletion/addition/reversal, (ii) SS(K): searching through order
space with twiddle operations and considering all possible subsets
of parents up to size K (similar to the TK method)2 , and (iii) LassoDAG: our proposed strategy of searching through order space with
twiddle operations and considering all subsets that occur along the
nodes’ regularization paths. Our search algorithm consisted of the
simple strategy of running the method until it reached a local minimum, then randomly restarting with a new ordering/DAG. For the
ordering-based methods, the same random orderings are given to
SS(K) and LassoDAG in order to ensure that the observed difference in performance is due to the methodology rather than the random seed.
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Figure 3: Lower envelope of Figure 2.

ventional data is essential to choose between members of the same
Markov equivalence class. We modified the BIC scoring function to
handle interventional data using the technique described in (7). In
Figure 6 we show the structure that was learned after 100,000 family evaluations of LassoDAG. We see that it has correctly recovered
much of the original structure, including edge orientations (compare
this to the true generating structure in Figure 5).

Since our proposed method is a means to reduce the number of family evaluations while not severely restricting the model class, we
measured performance in terms of the best BIC score found relative
to the number of family evaluations (ie. number of regression problems solved) during the search. We have not yet finished the discrete
version, so we will report results using continuous data. However,
we expect the results to be qualitatively similar in the discrete case.

To assess the ability of the algorithm to scale to larger problems,
we tested our method on the preprocessed version of the ‘20 Newsgroups’ data available on Sam Roweis’ webpage. This consists of
16,242 instances of 100 word occurence indicators, where we expect a generative model to be very densely connected. Although
we ultimately would like to use a discrete model, one can still fit a
Gaussian model to this {0, 1} data. The final costs (negative BIC
scores) after 100 thousand and 1 million family evaluations were (in
multiples of 106 ): DAGsearch 1.59, 1.53, SS(1) 1.55, 1.55, SS(2)

We first looked at the well-known alarm network (37 nodes). We
generated 10,000 samples with linear Gaussian CPDs with zero
mean, unit variance, and randomly chosen regression weights (sampled from 1 + N (0, 1)/4 to ensure that there is non-negligible correlation between parents and children). We then tried to find the
best BIC-scoring model. The results are shown in Figure 2 and 3.
The many small line segments in Figure 2 indicate that LassoDAG
and SS(K) both rapidly reach local optima and then restart. However, the SS(K) methods are limited in their performance because of
their fan-in bound: the alarm network has some nodes with 4 parents, so K = 1 or K = 2 hurts performance. DAGSearch takes
longer to reach a local optimum, and consequently performs fewer
restarts. However it eventually reaches solutions of the same quality
as LassoDAG, but moves more slowly though the search space and
explores DAGs that are pruned with order-based strategies (as can
be seen by the fact that DAGsearch starts at a much higher cost each
time).
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Next we tried sampling an interventional dataset from the alarm network, by performing perfect interventions (24) on randomly chosen
nodes (these nodes were clamped to random values). Such inter-
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Figure 4: Plot of the optimal L1 bound on the weights, ||θi ||1 ≤ t, versus node
number i for the best scoring alarm network found by LassoDAG. We found that using
the same (mean) value of t for all nodes resulted in much worse performance.

2

Note that the optimal SS(1) could be found using the minimum
spanning tree algorithm (5).)
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Figure 5: Alarm network (true structure).
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Figure 6: Alarm network learned on interventional data using LassoDAG after 100,000
family evaluations. We used a threshold of 0.1 on the weights, so that we do not visualize very weak connections.

1.53, 1.53, and LassoDAG 1.49, 1.49. Thus LassoDAG finds the
best local optimum (amongst these methods) in the given amount of
time.
The resulting graph structures are fairly intuitive. For example,
there is a cluster of nodes about sports (hockey, baseball, NHL),
a cluster about computers (dos, windows, pc), and these clusters
are connected via the word “win” (as in to “win in sports”, or as
in “winXP”). Unfortunately 100 node graphs are much too large to
display in this paper, but we will make them available (along with
source code) on the web.

5 Summary and future work
We have shown that by using GLMs and L1 penalized regression,
we can find high scoring models much faster than other techniques.
However, eventually DAGsearch catches up and sometimes outperforms us (especially in terms of structural error with respective to
the truth). This suggest an obvious hybrid strategy which we will try
in the future, namely to use LassoDAG to get to a local optimum,
and then to use DAGsearch to refine the search. This should work
well since it will restrict DAGsearch to starting with DAGs that are
amongst the best d! graphs, instead of starting from a random DAG.
The other extension we will try in the future is to replace linear regression with logistic regression, so we can handle discrete data.
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